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Abstract

In this paper, we use a hierarchical identification principle to study identification problems for multivariable discrete-time systems. We
propose a hierarchical gradient iterative algorithm and a hierarchical stochastic gradient algorithm and prove that the parameter estimation
errors given by the algorithms converge to zero for any initial values under persistent excitation. The proposed algorithms can be applied
to identification of systems involving non-stationary signals and have significant computational advantage over existing identification

algorithms. Finally, we test the proposed algorithms by simulation and show their effectiveness.
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1. Introduction

For decades, a great deal of work has been published
on the identification of multivariable, or multi-input multi-
output (MIMO), systems (see, e.gGauthier & Lan-
dau, 1978 El-Sherief & Sinha, 1979Sinha & Kwong,
1979 El-Sherief, 1981 Verhaegen & Dewilde, 1992g,b
Verhaegen, 1993, 1990vershee & De Moor, 1994, 1996
Chou & Verhaegen, 1997McKelvey, Akcay, & Ljung,
1996 Pintelon, 2002, however, further research in this area
is still required for the following reasons:

e In the area of MIMO system identification based
on difference equations, most existing identification
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algorithms using transfer matrices employ the idea of
decomposing a MIMO system into several subsystems,
depending on the number of outputs, and then of estimat-
ing parameters of the subsystems one by @muthier &
Landau, 1978; El-Sherief & Sinha, 1979; Sinha & Kwong,
1979; El-Sherief, 1981 Since such identification algo-
rithms require computing many covariance matrices (one
for each subsystem), they have the drawback of having
heavy computational load. The simultaneous identifica-
tion of all parameters of a system can reduce the compu-
tational burden, e.gSen and Sinha (197&uggested to
use a matrix pseudo-inverse approach; however, the com-
putational load is large due to large number of zero entries
in the information matrix in the estimation algorithm.
Moreover, the algorithm ifsen and Sinha (197&)xandles
noise-free data only. Recentlintelon (2002)studied

the stochastic properties (strong convergence, asymptotic
normality, strong consistency) of the frequency-domain
subspace algorithms described\ittKelvey et al. (1996)
andVan Overschee and De Moor (199&)here the true
noise covariance matrix was replaced by the sample
noise covariance matrix obtained from a small number of
independent repeated experiments.
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¢ In the off-line state-space model identification literature, parameters/quantities among subsystems, which normally
subspace state-space identification (4SID for short) meth-requires difficult iterative calculation. In order to overcome
ods based on the RQ factorization and singular value de-such difficulties, when recursively computing the parameter
composition (SVD) have been developed for MIMO sys- estimate of theith subsystem, the hierarchical identifi-
tems Yerhaegen & Dewilde, 19923,Merhaegen, 1993, cation principle implies that the unknown parameters of
1994; Overshee & De Moor, 1994, 1996; Chou & Verhae- other subsystems which appeared in itiesubsystem are
gen, 1997. The basic idea is to determine the extended replaced with their estimates. Using this idea, we present
observability matrix from the SVD or RQ factorization the hierarchical gradient iterative algorithm and hierarchi-
of an information matrix consisting of given input/output cal stochastic gradient algorithm for MIMO systems. The
(I/O) data, and then to compute the system parameter ma-main advantage of such algorithms is that they require less
trices. But, as the size of the information matrix grows, computational effort than existing identification algorithms,

the difficulty and complexity in computation increase. e.g., the Sen and Sinha’s algorithm and the 4SID methods
e In the recursive 4SID area, some methods (e.g., mentioned above.
Gustafsson, 1998; Oku & Kimura, 2002re based on The hierarchical identification methods have important

the idea of directly updating an estimate of the extended applications in parameter identification of multirate systems
observability matrix by using subspace tracking; other (Chen & Qiu, 1994; Qiu & Chen, 1994, 1998i, Shah, &
methods (e.g.Verhaegen & Deprettere, 1991 overa, Chen, 2001, 20Q2.i, Shah, Chen, & Qi, 2003Tangirala,
Gustafsson, & Verhaegen, 2008re based on subspace Li, Patwardhan, Shah, & Chen, 208heng, Chen, & Shah,
tracking ideas for the recursive update of the RQ fac- 2002, because lifting converts a multirate time-varying sys-
torizations or the SVD by using array signal processing tem into a time-invariant MIMO system.

algorithms; se€€omon and Golub (199@»r a review of The paper is organized as follows. In Section 2, we discuss
subspace tracking algorithms axdng (1995, 1996jor modeling issues related to MIMO systems. In Sections 3 and
projection approximation subspace tracking. Finallip, 4, we develop the hierarchical gradient iterative algorithm

Xu, and Kailath (1994presented a recursive identification and hierarchical stochastic gradient identification algorithm,

method of state-space models using the generalized Schuand analyze the performance of the proposed algorithms.
algorithm for updating the noise covariance matrix. How- In Section 5, we compare computational efficiency of our

ever, in order to obtain system parameter estimates, thesealgorithm with several existing ones, establishing a clear

4SID methods also require some additional computation, advantage. Section 6 presents an illustrative example for the
e.g., computing theA-matrix using the shift invariant  results in this paper. Finally, concluding remarks are given

structure of the extended observability matrix (obtained in Section 7.

by use of SVD) and computinB- and D-matrices using

least squares methodsolvera et al., 2000 Our approach

in this work is to updatelirectly parameter estimates asin 2. The problem formulation

the prediction error method based on difference equation

descriptions I(jung, 1999; moreover, we do not assume Consider a linear discrete-time, multivariable system de-

that the problems are stationary and/or ergodic, which scribed by the following state-space model:

is different from those mentioned. above. The algorithms Xt +1) = Ax (1) + Bu(0),

proposed are simple and easy to implement, and have less
computational effort than existing algorithms. y(#) =Cx() + Du(t),

. . - whose input/output relationship can be represented as
Therefore, developing computationally efficient and re- P P P P

cursive system identification algorithms is the goal in this y(t) = G(z)u(z). (1)
paper. We will frame our study in the identification of trans- . .
fer matrix models. The key idea is the so-callgdrarchi- Here, x(r) € R" is the state vecto(r) € R" the sys-

cal identification and is inspired by the hierarchical control €M input vector,y(r) € R™ the system output vector,
based on the decomposition-coordination principle for large- (4, B, C, D) the system matrices of appropriate sizes, and
scale systemsSingh, 1980; Tamura & Yoshikawa, 1990 G() € R™*" the transfer matrix (TM) which relates to the
Drouin, Abou-Kandil, & Mariton, 199)L Hierarchical iden- ~ State-space data as follows:
tification uses subsystem decomposition in identification, 1 Cadjzl — A]B
and is also callethootstrap identification G@)=CiI-A)y "B+D= Tdelzl —A]

The principle of hierarchical identification is as follows. A Cadil — A-—11B
system is decomposed into several subsystems with smaller _c2 I z D =: 0@
dimension and fewer variables, and then the parameter g7 defzl — A] 2(2)
vector and/or parameter matrix of each subsystem iswith «(z) the characteristic polynomial in the unit delay
identified, respectively. Because of such decomposition, operatorz—l [Z—ly(t) = y(t — 1)] of degreen, defined as

difficulties arise in that there exist common unknown the least common denominator 61z), O(z) a polynomial
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matrix in z~1, and both represented as present new algorithms to estimate the unknown parameters
4 5 . 1 (i, Q;) in (2) from the given input—output measurement

) =14z " oz T4z, w € R data{u(r), y(t) : t=1,2,...}, or equivalently, to estimate

0()= 00+ 012 2+ 02z 2+ + 02", (o, 0) in (3) from {y(®), Y(®), @) : t=1,2,...}; and

second, study convergence performance issues of the new

mxr
Qi € R™™. algorithms presented.

The identification of the characteristic polynomialz) is

very important for, e.g., pole placement in control design. ) ) o . .
Also, for systems with unknown parameters, it is unreason- 3- 1he hierarchical gradient iterative algorithm
able to assume that some entries of the TM have some com-

mon known divisor. _In 'Fhis section, according to the hierarchica_l iden'Fification
Eg. (1) can also be expressed as principle, we decompos_e_the MIMO system in (3) into two
subsystems: one containing the parameter vegtand the
a(z)y(t) = Q(x)u(r) or other containing the parameter matfixand then the itera-
- ) - ) tive solutions of the parameter vector and parameter matrix
Y6+ Z %yt —i)= Z Qiu(t —1i). (2) of the two subsystems are established by application of the
i=1 i=0 steepest descent principle. The details are as follows.
Define the parameter matrik parameter vectar, informa- Define two vectors
tion vector(¢) and information matrixy(z) as bi(t) = —y(1) + QTw(t)’
0" =100 01 - Qul € R™", ng:= (n+ 1Dy, ba(t) == y(t) + Y (t)o.
o1 u(r) Then, we can decompose the system in (3) into the following
%2 u(t —1) two fictitious subsystems:
a=| . | eR", o= . € R,

S1t Y (@®a=bi(t),

o, u(t —n) So: 0T (t) = ba(2).

Yy =[yt—-1) y¢—-2) --- y(t—n)]e R<7

Hence, from (2), we obtain the following identification

Suppose > mng + n. Define

model: v

§ v | V@
YO + YD =0Te(). ©) O=1 |
The system parameters to be identified in (3) include two Y(@) -
parts: one parameter vecterconsisting of the coefficients b1(1) -y + HT(P(l)
of the characteristic polynomial of the system, and one pa- , o = b12) | | @ +0 02 )
rameter matri¥) consisting of the coefficients of the numer- "/ "= : - : ’
ator polynomial matrix of the TM. Due to the presence of an b1(7) () + HT(p(t)
unknown parameter vectare R" and an unknown param-
eter matrixd" € R"*" in (3), we can usif the Kronecker @) :=1[o(1) ¢(2) --- @(1)],
product to transform the parameter matixinto a stacked . o
vector ve¢d"), then the model in (3) may be rewritten as Ba(t) = [b2(1) b2(2) b2(1)]

=@ +yDa y2) +¢¥@a -+ y(1)
YO = [Y@, (0T () & )] [vegeT)} A ©)
So, we have
= H(1)0;, H(t) e Rmxmnotn) =g c gmnotn —(4) e hav
wherel,, is anm x m identity matrix. Although this model ~ St ¥ = Bi(®), ()
may be identified by the recursive least squares aIgoritth - 0Td() = Bo(t) or &7 (10 = Bl (1) ®)
. = = 2 .

(in fact, this is the Sen and Sinha’s matrix pseudo-inverse

approach), as we have pointed out in the introduction that it Using the negative gradient search, we may obtain the itera-

requires computing large covariance matrices of dimensionstjve solutionsy; andé; of o and®, respectively, as follows:
(mng + n) x (mng + n) and anm x m matrix inversion

at each step. A comparison of computational efficiency of o = ox—1 + pPT(O[B1(t) — P (1)oy—1], 9)
several algorithms is given in Section 5. T T T

Therefore, the objectives of this paper are two-fold: Ok =01+ ulBa(t) — 0, _1P(1)]1P" (1),
first, by means of the hierarchical identification principle, k=1,2,..., (20)
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whereu > 0 is called the iterative step-size or convergence Table 1

factor to be given later. SubstitutinB;(z) in (5) into (9),
B>(t) in (6) into (10) gives

o = o1 + uPT (1)
—y(D) + 9};»(1)
—v(2)+0 2
X ¥ : 0@ —Y(O)og-1¢, (11)
—y(t) + 0T (1)
0f =0} 1+ iy + YD y(2) + Y2
(O F Y] — O B0} (1). (12)

The dimensions of the HGI algorithm variables

Item Variables Dimensions

1 Output variable y() € R™

2 Parameter vector oe R"

3 Information matrix Y(t) € R™>"

4 Stacked information matrix Y(r) e RmDxn
5 Parameter matrix 07 € Rmxno

6 Information vector o(t) € R

7 Stacked information matrix d(1) € R0O*!

off-line calculation, we usdéerative with subscriptk, e.g.,

Here, a difficulty arises in the expressions on the right-hand &, , for off-line algorithms, andecursivewith no subscript,
sides of (11) and (12) contain the unknown parameter ma- e.g.,4(¢) in the next section, for on-line ones. We imply that

trix 0 and unknown parameter vectey respectively; so it

a recursive algorithm can be on-line implemented, but an

is impossible to realize the iterative algorithm in (11) and iterative one cannot.

(12). Our approach is based on the hierarchical identifica-

tion principle: the unknown variable® and o in (11) and

If two different convergence factorg{ andy,) are used
for iterations (9) and (10), then the algorithm obtained will

(12) are replaced with their corresponding estimates at time e more general, but the convergence proof may be more
k — 1. Hence, we have the hierarchical gradient iterative difficult.

(HGI) algorithm

o = o1 4 uPT (@)

—y(1) + 9;_1<p<1>

—y@) + 0102
y(@ .k 10(2) Wy b

—y(t) + 0] _10(1)

0 =071 + iy + yDoy—1 () + Y (2ou—1
() F Y Dog—1] — 0f_1 D0} DT (1)
or

t
=1 — Yy YT OIy@) + YD1 — 0f_100)],

i=1

(13)
t
Of = 011+ u Z
i=1
[y() + YD1 — 0101 (0). (14)
The convergence factor can be taken as
¢ -1
p= (Z [y ) I1% + ||qo<i)||2]> = lto- (15)
i=1

Here, the norm of the matrixis defined byj| X || 2=tr[X X "].
To initialize the algorithm in (13)—(15), we take = 0 or
some small real vector, e.g@ = 107°1, 1, and()g =0or
some small real matrix, e.gé)(T, = 10*61,,”,,0 with 1,0
being anm x ng matrix whose elements are all 1.

The dimensions of the HGI algorithm variables are listed
in Table 1for convenience. For the convergence analysis,
we need a preliminary result.

Lemma 1. Assume that there exist vector sequendgs <
R* and ¢ (i) € R" satisfying

¢ ()x(k) =0,

for eachi € [1,¢] (+ > n), and that the vectorp(i) is
sufficiently rich i.e., there exist a positive constant ¢ and
an integer N >n such that for any i > N, the following
inequality holds

as k — oo,

(AL L3N G +D¢TG +D>cl.
Thenlimy_ » x (k) =0.

Proof. Lettinge(k, i):quT(i)x(k), we have lim_. ek, i)=

0. Sincecz)T(i + Dx(k) = e(k, i + ), after taking the norm

| - 1% of both sides of the above equation, the summation
from/=1toN is

N
xT (k) [Z bl +DT (i + 1)} x(k)

=1
N
_ 201
_Z &2k, i +1).
=1

By using condition (Al), it follows that

N
O<eNIx®IP< Y e2k,i +1D).
i=1

The HGI algorithm employs the iterative update of the Taking the limit of both sides of the above inequality will

estimates and 6 using a fixed data batch with a finite
lengtht. In this paper, in order to distinguish on-line from

obtain the conclusion of Lemma 1 based on properties of
the limiting process. [
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Theorem 1. For the system ir{3) and the HGI algorithm ) s
in (13)—(15),for any given initial values and o, then the +u Z @l
parameter estimation error given by the HGI algorithm is i=1

boundedi.e.,
low — all® + 10k — 0112< 0,  for any k>1.
Here ¢ = |log — a||2 + ||0p — 0|2 < 0.

Proof. Define the parameter estimation error vecétpiand
the parameter estimation error matéix as

A = O — O and ék=0k—0.
Using (13), (14) and (3), we have
! ~T
=1 —p Yy YOOI - 0_100)],
i=1

t
O =001+ Y W1 — 0100107 6.
i=1

Using the formulagix + y||2 = ||x[|12+ 2tr[x T y] + || /|2 and
IxTyI2< Ix[2ly )12, it is easy to obtain

2 2T 2
o l1* = oy o = |l o —all

t
—2u ) E gy O )-1 — 0 10)]

i=1
; 2
~T
+ 12> YT O Dar-1 — 0_10()]
i=1
1
-l =20y
i=1
o~ Tr e~ ~T .
W (@)o—1]" [Y(@)ox—1 — 0, _10()]
t
N 0] 6
i=1
t
< 3 W1 — 10D (16)
i=1
10¢112 = tr10y 0] = 104112 + 2ute
t
{Z V()1 — 921<p(i)]<pT(i)ék_1}
i=1
‘ 2
~T
+ 12| WD ar-1 — 0,100 (1)
i=1
- t
<NOeal®+ 21y

i=1
00T ()51 — By _y0(D)]

t
< 3 @1 — 0107 7

i=1
Define a non-negative definite function
V (k) = llaI” + 1101
Using (16) and (17) gives
t
VSVk—1) —2u )
i=1
o~ =T 2
I @ox—1 — 0, _10@) |l
t
+ 12 YOI+ o)1)

i=1

t
< S )1 — 01011

i=1

t
=V(k-1)—pu [2 — Y YOI + ||<p<i)||2]]

i=1

t
< S )1 — 01011

i=1

13
=V (0) — u {2 — Y YOI+ ||<p(i>||2],

i=1

=~

~1
IW(@a; — 0 02

]

t
X
j=0 i=1

If the convergence factqr is chosen to satisfy
0 < u<2pu,
thenV (k) <V (0) = dg. This proves Theorem 1.[]

Furthermore, from the above proof we also have
e8] t
S5 W3 — B )12 < os.
k=0 i=1
It follows that ask — oo,

t
S W) — O piIP=0 o

im1
W)y — 9Z(p(i) =0 foranyi e[l 1]. (18)

According to this equation, we can obtain the consistent

parameter estimates from the following theorem.

Theorem 2. For the system ir{3) and the HGI algorithm
in (13)—(15),if the input—output data vectors

T,
¢;(i) = [l@(gl))], j=212,....m
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are sufficiently richwhereu//j(i) is the jth row ofys (i), then In order to derive the hierarchical gradient algorithm,
the parameter estimation error given by the HGI algorithm which can be on-line implemented, we need to introduce
converges to zero for any finite initial valyes., two intermediate vector¥ () and Z(¢) as follows:
im o — ol + 116 = 012 =0 or Y1) = y(t) — 0T (1), (20)
—00
lim o =aand lim 0, =0. Z(@) == y@®) + Y0 (21)
k—o00 k—o00

According to the hierarchical identification principle, we can
decompose the system in (19) into the following two ficti-

~T . ~T
Proof. Let (0,); represent thgth row of 0, , and tious subsystems:

20 = [_(%%)T} , Sa Y (1) = =YD+ wn), (22)
ki . . Sat Z(1)=0"p() + w). (23)
Then (18) may be decomposed into the followimgequa-
tions: Here,Y(r) € R™, y(r) € R™*" anda € R" in (22) can
. be regarded as the output vector, information matrix and
¢;()xjk)=0, j=12...,mask— oc. parameter vector of subsystess, respectively. Similarly,

Z@t) € R", o) € R and 0" € R”*" in (23) as the
output vector, information vector and parameter matrix of
subsystents,, respectively. Then, for the subsystesisin

Since¢j @) (=12, ...,m) is sufficiently rich, according
to Lemma 1, we have

lim xj(k)=0, j=212...,m. (2_2) andS, in (23), we can form two prediction error criteria
k—o00 (Ljung, 1999; Sdderstrom & Stoica, 1988
This proves Theorem 2.[] T (o) = Y (0) + ¥ (na)® and

— T 2

The off-line HGI algorithm here is developed for deter- /2(0) = 1Z(®) = 0" o®)|*.
ministic MIMO systems; so the convergence results of these Let 4() and é(t) be the estimates of and 0 at time t
two theorems are obvious. The HGI algorithm can be ex- '

: Using the steepest descent gradient method, we obtain the
tended to stochastic cases.

estimates ob: in subsystemSz and 0 in subsystemS, by
minimizing J1(«) and J2(0), respectively, as follows:

4. The hierarchical stochastic gradient algorithm lpT(,)
() =@ — 1) —

[Y (1) + ()o@ — D], (24)

t
In this section, we derive a hierarchical gradient parameter r)
_estimation algqrithm based on the moo_lel discussed in (3) @(t) _ @(t 1)+ @) (Z(t) — [)T(t —Dom]". (25)
in the stochastic framework, and establish the convergence r(t)
properties of the algorithm. . . . Here, /r(r) represents a time-varying convergence factor
Based on the model in (3) and introducing a noise term o pe given later. Substituting (20) into (24), (21) into (25)
w(t), we have gives
)+ o= 0" @) + w(r). 19 T
y W @ (19) &(I)Z&(t_l)_lﬁ(t)
We assume thdtw(z), 7} is a martingale difference vector i(t) .
sequence defined on a probability sp&fe Z, 2}, where x [y() =0 @) +y()a — 1], (26)
{7} is theo algebra sequence generated{by?)}, i.e., R R o(t)
0)=0¢ —1) + —
Fi=0c(w(),w—1),wt—2),..) or r() ;
Fr=0a(y@),yt —1),y(t—2),...) X [y(®) + Yo —0 ¢ — D] (27)
for the deterministic sequende(r)}. The sequencéw(r)} Here, we can see that the expressions on the right-hand sides
satisfies Goodwin & Sin, 198% of (26) and (27) contain the unknowhand unknowru, re-
spectively. As in the preceding section, by using hierarchical
(A2) E[w(t)|F,-1] =0 as.; identification principle, we replace these unknown variables
(A3) E[||w()|?F 1] = 02 (1) <02 <00 as.; 0 in (26) andx in (27) with their corresponding estimatés
(A4) lim SUH%w%Zlellw(i)Hzgﬂﬁ; <00 a.s. andé at time(r — 1). Hence, we have

-
That is,w(¢) is a noise vector with zero mean and time- §(;) =a(r — 1) — (A0

varying variances. Thus, the system in (19) may involve r(t) T

non-stationary signals. <[y +Y®ac -1 =0 ¢ - Den)].  (28)
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@)

0(t) =00 —1
O=0-D+— s

< () + Y03t — 1) — 0"t — Donl".  (29)
As in Goodwin and Sin (1984 )we taker(t) to be
rt)y=rt =D+ IIYOI>+ eI r@ =1 (30)

Then we obtain the hierarchical stochastic gradient (HSG)

algorithm in (28)—(30). The choice of the initial values of
the HSG algorithm is as in the HGI algorithm.

The standard least squares (LS) algorithm may be applied

to generate the parameter estimate of models of fexm=
O+ w(r), O representing a parameter vector or matrix,

@(1) the information vector. In general, the estimate can be

expressed ad fung, 1999

~

O =01 -D+LOL (1) -6 -]

2]
=0 -1+ E®,
where E(t) = L(t)[y"(t) — ®' (1)O(t — 1)] is the innova-
tion vector,L(¢) denotes the gain vector. The LS algorithm
employs the idea of the innovation modification, i.e., the es-
timate ©(¢) at timet equals the estimat@ (s — 1) at time

t — 1 plus the innovatiorE (¢). But the hierarchical identi-
fication produce two estimates: a vectdr) and a matrix
0(;) The estlmatec(t) at timet depends not onIy of(r—1)

but also on0(t — 1); similarly, the estlmate?(t) at timet
depends not only oﬁ(t — 1) but also ona(r — 1).

The following is to prove the convergence of the HSG
algorithm by formulating a martingale process and by us-
ing the martingale convergence theorem @oodwin &
Sin, 1984 Lemma D.5.3) rather than the martingale hyper-
convergence theorenDing, Yang, & Xu, 2000.

Lemma 2. Assume that the vector sequencés € R" and
¢(r) € R" satisfy the following equations

¢ (Ox(t)=0

Nim [x(@) —x(r = )] =0,

ast — oo;

for any 0< j <oo as;

and the vectorp(r) is persistently exciting.e., there exist
a positive constant, c¢1 and an integeV >n such that the
following persistent excitation condition holds

N
1 T .
(A5) cI< <5 E_ t+io t+i)<cal
as. for any t>0.

Thenlim; o x(r) =0

Proof. Letting e(t + j) = x(t + j) — x(¢) or x(t + j) =
x(t) +e(t+ j), we have lim_, o, e(t) =0. In the same way,

321

lete1(r) = ¢! (1)x(¢), we have lim_, o £1(t) = 0. So

Gt +iD)x(t +i) =1t +1i),
O+ D)x(t) == (1 4+ i)e(t + 1) + e1(t +1).

or

After taking the norm| - |2 of both sides of the above equa-

tion, the summation from=1to N is

N
xT (1) [Z b+ (1 + i)] x(1)

i=1

N
=Y I = ¢T ¢+ el +i) +ealt + )2
i=1
N

<2 Mgl + D)%%t + i) + 5 + )],
i=1

Taking the trace of condition (A5) will lead to
I$@)1?<nNey =: 0 < co.

Using condition (A5), we have

N
0N x(IP<2 Y [0me?(t +i) + 5t + D).
i=1
Taking the limit of both sides of the above inequality will

give the conclusion of Lemma 2 according to limit existence
criterion. [

Lemma 3. For the HSG algorithm ir{28)—(30),the follow-
ing inequality holds

2 2
sim 3 WOR + ol

pt ra(t)

a.s.

Proof. According to the definition of(¢), we have

W@ 12 + llo@)]2

S

pr r(t — Dr(t)

> 1

,Z [r(r - 1) r(t)}
= 1 _— a.s
0 r(oo) D

This completes the proof of Lemma 3]

Theorem 3. For the system i1§19) and the HSG algorithm
in (28)—(30),if AssumptiongA2)—(A4) hold, then the pa-
rameter estimation error given by the HSG algorithm is con-
sistently bounded.e.,

14(t) — atl| + 110(t) — 0|2 — Wo < 00

as. ast — oQ.

~ 2
Here, E[Wol < [12(0) — al|> + [[6(0) — 0]|* + ;7 < oc.
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Proof. Define the parameter estimation error veét@y and
the parameter estimation error matfig) as

a(t) = a(t) — o, (31)

0t) = 0(r) — 0. (32)

Substituting (19) and (28) into (31) gives
YT ()
r(t)
Fw() + it -1 — 0 (t — Do)
YT (1)
r(t)

B(r) =&t — 1) — [~y () + 0" p(r)

=a(t—1) — [E@) —n@t) +w(®)], (33)

where
) =y0at -1 —yna=y@®)at - 1),
AT T =T
N =0 (—De@)—0 e)=0 & —De®).
Substituting (19) and (29) into (32) gives

4]

r(t)

Define the stochastic Lyapunov function

0(t) =00t — 1) + [E(t) — n(t) +w(n)]". (34)

W) = 1a@)|12 + 1012
Using (33) and (34) gives

2
W) =W —1) — )
x [ — n)1% + (E@) = n@©)Tw(n)]

T 2
FLE@) — 1) + wny T YO+ IO

ra(t)
X [E() —n(t) + w()]
2 2
<W@E -1 — r(—t)llé(t) —n@®)|

2 T
- m(i(f) = (1) w()

I @OI11% + o)]12

20 [1E@) = nO11? + lw(@)]1%]

TUOYT @) + llo®) 121

+

+2[E@) — (D] w(t)

ra(t)
W= 1) — —— [0 — )2
<SW( - - r (1) ll< - I
2 2
W(r)nr %WU)” w1 = 20 = n)1”

[r(®) = eI =y @)
X w

20 (35)

).

Sincel(t)—n(t), r(t), Y (z), ¢ () are uncorrelated with (z),
and areZ,_1 measurable, taking the conditional expecta-
tion of both sides of (35) with respect t&,_1 and using
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assumptions (A2)—(A4) give
1
EIWOIZ -] W = 1) = 180 = (|2
@12+ lle®1?

r2(t) w*

Since the sum of the last term on the right-hand side from
t=1tooo is finite (from Lemma 3), applying the martingale
convergence theorem to (36) shows ti&k) converges a.s.

to a finite random variabl®&j. This proves Theorem 3.0]

(36)

Furthermore, suppose that(r) = O(t) — oo and
Iy N2 + lle@)|% < oo, by referring to Lai and Ying
(1991) it can be proved tha¥/ (r) — W (¢t — 1) converges a.s.
to zero at the rate ofl/r2), and||é(r) — n(1)||? converges
a.s. to zero at the rate 61/1), i.e.,

1E@) —n(®)|>=0, as. as t — oo. (37)
Theorem 4. For the system i1§19) and the HSG algorithm
in (28)—(30),if the conditions of Theorer hold, and the
input—output data vectors

o l//,-T(t)}
i '_[<p(t) ’

are persistently excitingvherey; (¢) is the ith row ofys(z),
then the parameter estimation error given by the HSG algo-
rithm consistently converges to zere.,

=12 ...

,m

lim 1a@t) — a2+ [0¢) — 0]2 =0 as.,
11— 00

or lim a(t)=oas., and lim 0(t)=0 as.
11— 00 —00

Proof. Sinceg;(r), i =1,2,...,m, are persistently excit-
ing, then

r(t)=0() — oo ast — oo. (38)
From (37), we have

S)=n() ast— oo,

or

VDt —1) =0 (t — Do), ast — oo. (39)

Let @,-T(t — 1) represent théth row of §' (¢ — 1), and

| w=1
xi (1) := |:_9i(t _ 1)i|

Then (39) can be decomposed into the followimgequa-
tions:

] ()xi (1) =0,
From (A4), (37), (38), (33) and (34), it is very easy to obtain

i=12 ..., m, ast — o0o. (40)

tlim [x;(t) — x;(t — j)] =0, forany O<j < oc. (42)
— 00
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According to Lemma 2, (40) and (41) give the conclusions  Eq. (43) can be written as a vector form
of Theorem 4. [
o
. _ oy =[=y;0) @' (0)] [9 ] + w; (1),
The HSG algorithm has low computational effort, but its J
convergence is slow, just like the stochastic gradient algo- [ o ] c R0 (44)
rithm of scalar systems i@oodwin and Sin (1984)n order 0, '

to improve the convergence rate and tracking performance
of the HSG algorithms, we introduce a forgetting factor
in (30) to get

wherey; (1) and 0] represent thgth row of y(r) and 0",
respectively.
Based on the model in (44), a comparable stochastic gra-

r(t)=Ar(t — 1) + [[WO1% + lo®)]?, dient algorithm with the HSG algorithm is as follows:

0<i<l, r(@=1, (42) [ (1) }

and obtain the HSG algorithm with forgetting factor (FFHSG 0;(@) J T

algorithm for short) in (28), (29) and (42). When= 1, _ [P‘(f -1 } . [—% (”}

the FFHSG algorithm reduces to the HSG algorithm; when . 0;c =11 " @) (45)

) T T A&(f—l)
x (y,(t) (=) ¢ “”[9,-@—1)])’
r,/(t)zrj(t—l)Jr|I¢j(t)||2+llqo(t)||2,
ri =1 j=12...,m.

From here, we can see that for a MISO system, ies 1,

. . . . . the hierarchical algorithm in (28)—(30) reduces to a non-
In this section, we compare in detail the computational pierarchical one in (45). This is also the reason why we take

efficiency of our HSG algorithm with several existing ones: ihe same step-size in the HGI algorithm or 1r(r) in the

the recursive LS and stochastic gradient algorithms basedpgg algorithm.

on the model in (4), the stochastic gradient algorithm based ¢ computation loads of the four algorithms are listed

A =0, the FFHSG algorithm is the hierarchical projection
algorithm.

5. Comparing computational efficiency

on m subsystems.
The LS algorithm of identifyind), in (4), in the stochastic

in Table 2 where numbers of multiplications and additions
are for each iteration step, and the numbers in the brackets

framework, namely, the Sen and Sinha’s algorithm, can be i, Taple 2denote the recorded numbers for a 10-input, 10-

expressed as

Os(t) = 0s¢d =1+ LOy®) — H®)0(r — D),
Gs (l‘) c Rmno+n’
Lo = POH'®)
' = Pt—-DH' O, +H®OPE-1)
xHT()]71,
P(t) = [Iunosn — LOH®IP( —1).

The stochastic gradient algorithm of identifyifig in (4) is
given by

bty = B -1+ 0
I x[y(1) — H(1)0s(r — 1)1,
R(t) = Rt—-1+|H®|% RO =1

Introducing a noise vectow(r), the model in (2) may be
decomposed intan subsystems,

wW(2)yj(t)=Q;@ut) +w;@), j=12,...,m, (43)

where Q;(z) represents thgh row of Q(z), y;(r) thejth

element ofy(¢); then each subsystem contains the same

parameters for(z). Any identification method applied to
each subsystem would generatdifferent estimates af(z),

output and 10th-order system at each step. Fiainle 2
it is clear that the HSG algorithm is computationally more
efficient than other algorithms.

6. Example

In this section, we present an example to illustrate the
performance of the proposed algorithms.
Consider the following simulated plant:

w(2)y(t) = Q@u(t) + w(),

where

a(z) =1+ o1z 4 ooz % + o3z S,

0() =012 14 02272+ 03273,

a=[og ap o]
=[-1.15 0425 —0.05]",

0" =101 Q2 Q3]
1 1 -o09
T 112 12

-0.75 02 0125
—-1.08 '

-0.78 024 012

which is certainly undesirable, because it leads to increasedHere u(r) = [u1(r), u2(r)]" is taken as a persistent exci-
computation, although one may take their average as thetation vector sequence with zero mean and unit variances,

estimate ofx. This is also a motivation for us to develop the
hierarchical identification algorithm.

and w(t) = [wi(), w2()]" as a white noise vector se-
quence with zero mean and varian¢e$ (1), ¢2(2)], and
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Table 2

Comparing computational efficiency

Algorithms Number of multiplications Number of additions

12 2m(mno+n)2+2m(m + 1) (mng + n) 2m(mng + n + m)(mng + n) —m2+m
[24886200] [24863910]

Il 3m(mng + n) + m [33310] 3n(mng + n) [33300]

1 3m(n + ng) +m [3610] 3n(n + np) [3600]

HSG 2nng + 3mn + ng [2610] 2nng + 3mn + ng [2610]

8This does not contain computing the inverse of thex m matrix in the gain matrix’(z).

is becoming smaller (in general) amcreases, this verifies
the theorems proposed. Moreover, from simulation (not in-
cluded in this paper), we find that the correlation noises will
degrade the estimation accuracy.

7. Conclusions

According to a hierarchical identification principle, a HGI

=55 algorithm and HSG are developed for MIMO systems. The

0 500 1000 1500 2000 2500 3000 3500 2000 analysis indicates that the algorithms proposed can achieve
t good performance properties (i.e., the parameter estimation

(a3(1) = 0.4, 0(2) = 0.5, &, (1) = 50.994%, 3, (1) = 51.514%) errors are uniformly bounded, and consistently converges to
zero under persistent excitation), and require less computa-
tional efforts than the existing algorithms.

Although the algorithms are proposed for MIMO stochas-
tic systems with an additive white noise disturbance, the
methods developed can be easily extended to study stochas-
tic systems with colored noises. The estimation error bound
analysis of the HGI algorithm with noise and the HSG al-
gorithm with forgetting factors are currently being studied

" - in the stochastic framework. Finally, the simulated results
s Z\/”O‘(’) — o+ 116¢) — 011 verify the theoretical findings.

Fig. 1. The estimation erroré vs. t with different forgetting factors.

w1(?) is uncorrelated withwa(¢). Taking the initial values,
5(0) = 10-813,1 andd(0) = 105156, we apply the HSG
algorithm with forgetting factor to estimate the parameters
of this system. The estimation errarsvith different forget-
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